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STEINBERG SUMMANDS AND SYMMETRIC POWERS OF THE
G-SPHERE
KRISHANU ROY SANKAR
Abstract. Let G be a finite abelian p-group. We use the symmetric powers of the
G-equivariant sphere spectrum to obtain a filtration for HFp, the Eilenberg-Maclane
spectrum for the constant Mackey functor Fp. Our main theorem is that there is an
equivalence between the k-th cofiber of this filtration and the Steinberg summand of
the G-equivariant classifying space of (Z/p)k. We also show that when one smashes
with HFp, the filtration splits into its associated graded. The future motivation for this
work is to decompose the equivariant dual Steenrod algebra HFp ∧HFp at odd primes
via explicit cellular constructions of these equivariant classifying spaces.
1. Introduction
Let p be a fixed prime, and let HFp denote the Eilenberg-Maclane spectrum represent-
ing cohomology with coefficients in the field Fp. The algebra of all stable operations on
cohomology with coefficients in Fp is called the Steenrod algebra, and is denoted A∗. In
the language above, it can be expressed as the homotopy groups of the mapping spectrum
Map(HFp, HFp). The Steenrod algebra has made numerous appearances in topology, the
idea being that the Fp-cohomology of any space is a module over A∗. Note that this is
a phenomenon unique to positive characteristic - there are no nontrivial operations on
cohomology with coefficients in Q.
The Steenrod algebra was classically computed ([14]) and shown to be a Hopf algebra.
Because A∗ has noncommutative multiplication but commutative comultiplication, it is
better expressed in terms of its dual, A∗. For example, when p = 2, A∗ is a polynomial
algebra
A∗ ' F2[ξ1, ξ2, . . .]
with |ξk| = 2k−1, and when p is odd, it is a polynomial algebra tensored with an exterior
algebra
A∗ ' Fp[ξ1, ξ2, . . .]⊗ Λ[τ0, τ1, . . .]
with |ξk| = 2pk−2 and |τk| = 2pk−1. Stated in modern language, there is a decomposition
HFp ∧HFp '
∨
ξ
S|ξ| ∧HFp
where ξ varies over the monomials which generate (as a module) A∗.
Steenrod operations are power operations for the cohomology theory HFp, and thus
it is a general philosophy that they arise from the cohomology of the symmetric groups,
Σn. Let us support this statement. Eilenberg-Maclane spaces for Z can be concretely
realized via the symmetric powers of a sphere ([8])
S` → Sp2(S`)→ Sp3(S`)→ · · · → Sp∞(S`) ' K(Z, `)
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If one takes `→∞, one obtains a filtration for HZ by the symmetric power of the sphere
spectrum. This filtration has rich structure - its mod p cohomology was computed in
[16], its duality with the Goodwillie tower of a sphere were studied in [2], [4], and the
Whitehead Conjecture in several papers of Kuhn, Kahn, and Priddy (for a modern proof
of the Whitehead Conjecture, see [13]). Mitchell-Priddy ([15]) use a modulo p version of
the symmetric powers to obtain a filtration for the spectrum HFp.
Σ∞S0 → D(1)→ D(2)→ · · · → HFp
Here D(k) comes from the pk-th symmetric power of the sphere, where a sum of p
copies of the same point is declared to be zero. The k-th cofiber in this filtration is (the
suspension of) a stable summand of Σ∞+B(Z/p)k ([15]). In particular, the first cofiber is
D(1)/Σ∞S0 ' S1 ∧ Σ∞+BΣp. There are as well natural product maps D(1)∧k → D(k)
which are surjective, and on homology, can be described as projection onto a stable
summand. Hence, the philosophy
Mod p cohomology co-operations arise from the homology of the symmetric group, and
are generated by H∗(BΣp;Fp) (with a shift in degree).
For example, when p is odd, H∗(BΣp;Fp) is concentrated in degrees 0, 2(p−1)−1, 2(p−
1), 4(p− 1)− 1, 4(p− 1), . . ., and the bottom two generators correspond to τ0 and ξ1.
1.1. Motivation from Equivariant Homotopy Theory. This paper grew out of a
project to generalize this entire story to the setting of equivariant homotopy theory1,
which is the study of topological spaces with the action of an ambient group G. The
constructions of many of the fundamental spaces used in homotopy theory use vector
spaces over C as cells, and therefore have an ambient action of the cyclic group of order
2 (as Gal(C/R)). Some examples
• Complex projective spaces CPn. Note that CP∞ ' K(Z, 2) ' B(C×), which
makesCP∞ important in the discussion of complex line bundles as well as integral
homology. Complex algebraic varieties in general have this C2-action.
• Complex grassmannians BU(n). Hence a notion of real K-theory. (due to Atiyah)
• Thom spaces MU(n), and the spectrum MU representing complex cobordism. One
gets real cobordism, represented by the C2-spectrum MUR, and 2-locally, this
splits into summands BPR analogous to the Brown-Peterson spectrum. One can
also construct real analogues of Morava E-theory and Morava K-theory, where
the involution comes from the map [−1] on the formal group law (inversion of
power series). This entire story is nicely reviewed in [12].
• Motivic homotopy theory over C bears a resemblance to C2-equivariant homotopy
theory2 - when topologically realized, the Tate sphere Gm becomes Sσ, the sphere
of the sign representation. In general, whenever G appears as a Galois group of
a field extension, there is a connection between G-equivariant homotopy theory
and motivic homotopy theory.
1There are many sources to learn about equivariant homotopy theory. Some nice concrete sources
are [?] or [11]. A standard reference is [?].
2The difference has to do with C-linearity versus C-antilinearity. This distinction was explained to
me by Jesse Wolfson.
STEINBERG SUMMANDS AND SYMMETRIC POWERS OF THE G-SPHERE 3
Including the ambient group actions as part of the data significantly rigidifies what maps
are possible between spectra, and recovers additional computational power. The Segal
conjecture was the first major question which motivated the development of equivariant
homotopy theory. The work on the conjecture during that era relied heavily on newly-
developing equivariant machinery - see a survey in ([6]).
More recently, Hill-Hopkins-Ravenel ([11]) used equivariant homotopy theory to clas-
sify manifolds with Arf-Kervaire invariant one. The key computational result ([11], Thm
6.5) was a C8-equivariant version of Quillen’s result that the map MU → HZ is given
by killing the polynomial generators x1, x2, x3, . . . in degrees 2, 4, 6, . . .. They inducted
up from the C2-equivariant version of this result proven by Hu-Kriz ([12]). Namely,
Hu-Kriz showed that one can lift the elements xi : S2i → MU to equivariant maps
x˜i : S
iρC2 → MUR and when one appropriate quotients out these elements from MUR,
one obtains HZ, the Eilenberg-Maclane spectrum of the constant Mackey functor.
They use this fact to compute the RO(C2)-graded dual Steenrod algebra
HF2 ∧HF2 '
∨
V
SV ∧HF2
where V varies over representations. The above is generated as an algebra by elements
τ k, ξk corresponding to these representation spheres. Hu-Kriz’s computation of the C2-
equivariant dual Steenrod algebra relies on MUR, and is therefore specific to the prime
p = 2.
We hope to decompose the Cp-equivariant dual Steenrod algebra
HFp ∧HFp '
∨
? ∧HFp
when p is an odd prime by instead using the symmetric powers of the equivariant sphere
spectrum. Here, the objects ‘?’ are as of yet to be determined, and it is not clear how
far the splitting can go.
As of the latest draft of this paper, I have spoken with Dylan Wilson and his compu-
tations show that the first stage of the filtration of HFp can be fitered by objects called
slice spheres [18]. However, the filtration does not (and cannot) split!
The present paper lays the groundwork to extend that computation to the rest of the
filtration of HFp, using the Steinberg idempotent. For example, when p = 2, one can
decompose the first stage
HF2 ∧BC2Σ2 ' HF2 ∧ (S0 ∨ Sσ ∨ S1+σ ∨ S1+2σ ∨ · · · )
and then provide a full decomposition of HF2 ∧ HF2 by computing the action of the
Steinberg idempotent on the geometric fixed points. This computation will appear in a
later paper, and hopefully some of the ideas can be adapted to the odd primary case.
One computational motivation for the above is finding a cellular construction for a
Cp-equivariant version of MU. There is a nontrivial order p automorphism of En(p−1)
coming from an automorphism of the formal group law - thus having such a spectrum
is of interest to chromatic homotopy theorists. If we could better understand the dual
equivariant Steenrod algebra at odd primes p, it could shed light on this construction
(through an analogue of the Reduction theorem). The p = 3 version alone would be
valuable for resolving the (unanswered) Kervaire invariant problem at the prime 3.
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1.2. Statement of results. Our main result is as follows.
Theorem 1.1. (6.1) Let G be any finite abelian p-group. Then there is a filtration
S0 = DG(0)→ DG(1)→ DG(2)→ · · · → HFp
whose k-th cofiber DG(k)/DG(k−1) is p-locally equivalent to Sk∧ kΣ∞+BG(Z/p)k, where
BG(Z/p)k is the G-equivariant classifying space of a rank k elementary abelian p-group,
and k ∈ Fp[GLkFp] is the Steinberg idempotent.
This filtration has a product structure coming from the product HFp ∧ HFp → HFp,
and on the associated graded, this descends to the natural product structure on these
Steinberg summands.
The pieces of this filtration split into a wedge sum after smashing with HFp - thus,
there is a graded decomposition (6.6)
HFp ∧HFp '
∨
k≥0
ΣkkBCp(Z/p)k ∧HFp
In particular, DG(1)/S0 ' S1 ∧ Σ∞+BGΣp, which therefore supports the statement
Equivariant mod p cohomology co-operations arise from the homology of BGΣp.
Our result directly generalizes Theorem A of Mitchell and Priddy’s paper ([15]), and
draws heavily on their ideas. The key point in theorem 1 is that the cofibers are suspen-
sion spectra, and thus can be explicitly analyzed on a cellular level.
The reason we assume G is abelian is in the details of the computation of the geometric
fixed points of the symmetric powers of the G-sphere. The groups G for which we want
to apply this result are all abelian anyways.
1.3. Outline of Paper, and Acknowledgements. We provide a roadmap of the pa-
per. In Chapter 2, we discuss the previous work on the symmetric power filtration, and
in particular, recall the key results we need from Mitchell-Priddy ([15]). In Chapter 3
we define equivariant classifying spaces and construct explicit geometric models, proving
along the way the p-local equivalence
DG(1)/S
0 ' S1 ∧ Σ∞+BΣp
From here, it is easy to construct a map
DG(k)/DG(k − 1)→ Sk ∧ kΣ∞+BG(Z/p)k
by using the product structures on both sides. To show it is an equivalence, we show
it is an equivalence on all geometric fixed point spectra - it suffices to prove it is an
equivalence on G-geometric fixed points, and then induct on the group G (the base case
is [15], Theorem A).
In Chapter 4, we compute the geometric fixed points of the n-th symmetric power of
SG, and in Chapter 5, we compute the geometric fixed points of the Steinberg summand
of the stable G-equivariant classifying space of (Z/p)k (finding them to be the same).
Then in Chapter 6, we construct the aforementioned map DG(k)/DG(k − 1) → Sk ∧
kΣ
∞
+BG(Z/p)k and show it is indeed an equivalence, proving our main theorem. The
key ideas of Chapter 4 and 6 are
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(1) The fixed points are built from pieces indexed over the finite G-sets.
(2) When one passes to the stable setting, all non-isotypic pieces are contractible.
The piece corresponding to an isotypic G-set is factor determined by the number
of orbits, smashed with a factor determined by the orbit type.
(3) The product SpmG ∧ SpnG → SpmnG , on the level of these pieces, acts like taking the
Cartesian product of finite G-sets.
Finally, the Appendix (Chapter 7) is left for some combinatorial lemmas used in the
main proofs, as well as an index of notation used throughout the paper.
This project grew out of my doctoral thesis, and so I am highly indebted to my advisor,
Mike Hopkins. I’d also like to thank Greg Arone, Emanuele Dotto, Markus Hausmann,
Haynes Miller, and Danny Shi for particularly helpful conversations.
2. The Symmetric Power Filtration
In this section, we give background material introducing the symmetric power filtration
for HZ, its modulo p analogue for HFp, and the Steinberg idempotent. We then review
results from [15], [2], and [3] about the cofibers in these filtrations. In particular, we rely
heavily on 2.7, as the generalization of that result to the equivariant setting is the main
result of this paper.
2.1. The Symmetric Power Filtration.
Definition 2.1. Let X be a space. Then its n-th symmetric power is the space (resp.
G-space)
Spn(X) := X×n/Σn = {x1 + . . .+ xn : xi ∈ X}
This construction is functorial in X.3
This can be thought of as formal sums of n (not necessarily distinct) points in X.
Thus, we have sum maps Spm(X) × Spn(X) → Spm+n(X). If X has a basepoint, then
we can think of the basepoint as the zero element. giving product maps
SpmX ∧ SpnY → Spmn(X ∧ Y )
(x1 + . . .+ xm) ∧ (y1 + . . .+ yn) 7→ (x1y1 + x1y2 + . . .+ xmyn)
as well as inclusions
X = Sp1(X) ↪→ Sp2(X) ↪→ Sp3(X) ↪→ · · · ↪→ hocolimn→∞Spn(X) ' Sp∞(X)
The infinite symmetric power, Sp∞(X), is the free topological abelian monoid generated
by X - an evocative notation would be N ⊗ X. The Dold-Thom theorem tells us its
homotopy groups.
Theorem 2.2. [8] pi∗(Sp∞(X)) ' H˜∗(X;Z)
3An alternative way of defining symmetric powers is as follows. Let Fin denote the category whose
objects are the finite sets [n] = {1, . . . , n} for all n ≥ 1, and whose morphisms are injections. Let C be
a category which is pointed, closed under colimits, and tensored over sets. Then if X ∈ C, we have a
functor
Fin
(−)⊗X // C
and SpnX is the colimit of the diagram formed by the image of the subcategory Fin≤n of sets of size at
most n. This approach, although less concrete, allows us to directly generalize to spectra.
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In particular, this theorem proves a group-completion statement
Sp∞X ' Z⊗X := {
∑
aixi : ai ∈ Z, xi ∈ X}
where the basepoint of X is declared to be zero in all sums. As an example, when X = Si
pi∗(Sp∞(Si)) ' H˜∗(Si;Z) '
{
Z ∗ = i
0 ∗ 6= i
and therefore, Sp∞(Si) ' K(Z, i). The inclusion Si ↪→ K(Z, i) represents the generator
in homotopy.
The symmetric power functors extend to spectra. For example, if X = {Xi}i≥0 is a
sequence of spaces equipped with maps {fi : ΣXi → Xi+1}i≥0, then we have structure
maps
ΣSpn(Xi) // Sp
n(ΣXi)
Spn(fi)// Spn(Xi+1)
which give Spn(X) = {Spn(Xi)}i≥0 the structure of a spectrum. For example, if S =
{Si}i≥0 is the sphere spectrum, then Sp∞(S) ' HZ. This brings us to our main object
of study.
Definition 2.3. Write Spn := Spn(S). Then there is a filtration of spectra ([9])
Sp1 → Sp2 → · · · → Sp∞ ' HZ
which we call the symmetric power filtration. The sum and product maps on sym-
metric powers recover the ring structure on HZ.
This filtration exhibits very interesting behavior from the viewpoint of mod p coho-
mology. The following is a classical result of Nakaoka ([16]).
Theorem 2.4. ([16]) If pk ≤ n < pk+1, then HF∗p(Spn) has a basis formed by the
elements StIv0 where StI varies over all admissible elements in A = HF∗p(HZ) of length
at most k, and v0 ∈ HZ0(Spn) is the fundamental class.
This result begs the question of whether there is a similar filtration for HFp which
induces the length filtration on the full Steenrod algebra. The answer is yes.
The homomorphism p : Z → Z defines a cofiber sequence HZ → HZ → HFp. The
induced map on symmetric powers is the p-replication map d : Spn → Sppn. This arises
on the space level from the product map
SppS0 ∧ SpnX → SppnX
by using p copies of the nontrivial point in S0. Thus, we obtain a filtration
S ' Sp1p → Sp2p → Sp3p → Sp4p → · · ·HFp
where Spnp is obtained from Sp
n by quotienting out the part generated by the images of
all d : Spi → Sppi for i ≤ n/p. We call this the mod p symmetric power filtration.
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2.2. The Steinberg idempotent. The following is well-known and comes from [15],
using [17] and [7]. Let k ≥ 1, and let us write GLk = GLk(Fp), for brevity. Let Σk ⊂ GLk
be the subgroup of permutations matrices, and let Bk ⊂ GLk be the Borel subgroup of
upper triangular matrices. We have elements Σk, Bk ∈ Z(p)[GLk] defined by
Σk :=
∑
σ∈Σk
(−1)σσ Bk :=
∑
b∈Bk
b
Then the Steinberg idempotent k and conjugate Steinberg idempotent ′k are defined by
k = BkΣk/[GLk : Uk] ˆk = ΣkBk/[GLk : Uk]
where Uk is a Sylow p-subgroup of GLk. One can easily check by direct computation
that these elements are both idempotent, and therefore if M is any Z(p)[GLk]-module,
there are inverse isomorphisms
kM
Σk ,,
ˆkM
Bk
ll
Later, we will be applying either the Steinberg idempotent or its conjugate, depending
on which is more convenient for computation, to homology and cohomology groups, and
so we want both of these.
The representation Stk := kFp[GLk] is called the Steinberg representation. It is pro-
jective and self-dual, and it has dimension p(
k
2), which is the largest power of p dividing
|GLk|. In fact, if we restrict to Uk, then Stk becomes the regular representation of Uk!
The Steinberg idempotent is an algebraic object, but it has the following topological
avatar. Let V ' Fkp be a k-dimensional vector space over the field Fp. One can then
consider the poset of all nontrivial subspaces of V
BV := {W ⊂ V : W 6= 0, V }
This is called the Bruhat-Tits building (or just Tits building) of V , and may just be
denoted Bk. Automorphisms of V induce self-maps of the poset BV , and therefore BV
carries an action of GL(V ) ' GLk(Fp).
Proposition 2.5. ([?], Chapter 6) The geometric realization of the nerve of Bk is homo-
topy equivalent to a wedge of p(
k
2) copies of Sk−2. Its top homology group Hk−2(Bk;Fp)
is Stk, as a representation of GLk. Equivalently, since k is self-dual, its top cohomology
group is the same representation.
The fact that k is projective implies that if M is a Z(p)[GLk]-module, then it has
a decomposition M ' kM ⊕ ⊥kM , where ⊥k = 1 − k is the orthogonal idempotent.
Similarly, if X is a p-local spectrum with an action of GLk, we have a decomposition
X ' kX ∨ ⊥kX
where each summand of X is constructed using the mapping telescope of the other,
orthogonal idempotent. An alternative construction of the Steinberg summand of X is
kX ' Σ1−k(B♦k ∧X)hGLk
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Here, B♦k is the unreduced suspension ofBk, and therefore has a canonical basepoint given
by the point 0. The proof is straightforward - one picks a map S0 → Σ1−kB♦k which is
then shown to induce an equivalence on E∗-homology, for any generalized homology E.
2.3. Cofibers in the filtrations. The successive cofibers in the two filtrations described
in the previous section admit explicit descriptions.
Theorem 2.6. ([2] Theorem 1.11, [3] Theorem 1.1)
Σ∞(P♦n ∧ Sn)hΣn ' Spn/Spn−1
where P♦n is the unreduced suspension of the nerve of the partition poset on n elements.
After p-localizing all spectra, Spn/Spn−1 ' ∗ if n is not a power of p, and if n = pk, there
is an equivalence
Σ∞(B♦k ∧ Sp
k
)hAffk
' // Spp
k
/Spp
k−1
where B♦k is the unreduced suspension of the nerve of the Bruhat-Tits building on a
k-dimensional vector space over Fp.
Note that Σ∞(B♦k ∧ Sp
k
)hAffk can alternatively be written as Sk smashed with the
Steinberg summand of a Thom spectrum on B(Z/p)k:
Σ∞(B♦k ∧ Sp
k
)hAffk = S
k ∧ kΣ∞(Sρk)h(Z/p)k
where ρk is the reduced regular representation of (Z/p)k. Thus, if we define p-local spectra
L(k) := Spp
k
/Spp
k−1
, the theorem above implies that L(k) ' kΣ∞(Sρk)h(Z/p)k .
Theorem 2.7. ([15] Theorem A) Define M(k) := Σ−kSpp
k
p /Sp
pk−1
p . Then there is a
p-local equivalence
αk : M(k)
'→ kΣ∞+B(Z/p)k
and M(k) ' L(k) ∨ L(k − 1). Moreover, the product maps µ : M(i) ∧M(j)→M(i+ j)
coming from the product maps in the mod p symmetric power filtration, yield a commu-
tative diagram 4
M(i) ∧M(j)
αi∧αj

µ // M(i+ j)
αi+j

iΣ
∞
+B(Z/p)i ∧ jΣ∞+B(Z/p)j ' // (i ⊗ j)Σ∞+B(Z/p)i+j // i+jΣ∞+B(Z/p)i+j
4This second part of the theorem about the product maps is not stated in Mitchell-Priddy’s paper,
but it follows quite easily, because they construct the projection map gk : Σ∞+ B(Z/p)k →M(k) via the
composition
B(Z/p)k ' // (Σ∞+ B(Z/p))∧k
g∧k1 // M(1)∧k // M(k)
Note, the fact that k is invariant under right-action by the symmetric group Σk reflects the fact that
the product on the symmetric powers is commutative.
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These theorems give a procedure for analyzing HZ∧HFp and HFp∧HFp by analyzing
the cofibers. For example, since we know Σ∞+BZ/p ∧HFp '
∨
i≥0
ΣiHFp, we have
M(k) ∧HFp ' kΣ∞+B(Z/p)k ∧HFp ' k
( ∨
i1,...,ik≥0
Σi1+...+ikHFp
)
Mitchell-Priddy ([15]) perform this computation, and show that the resulting HFp-
module has basis corresponding to the admissible sequences of length k. Moreover,
the extensions
Spp
k−1
p → Spp
k
p → ΣkM(k)
which attach on the successive cofibers, split after smashing with HFp. We will revisit
this argument in the equivariant setting in 6.6.
2.4. Symmetric Powers of the G-equivariant sphere. Let G be any finite group.
One can just as well consider the symmetric powers of a G-space X, and if X has a
basepoint, one constructs Sp∞X. An RO(G)-graded equivariant version of the Dold-
Thom theorem is due to Dos Santos [9], and tells us that Sp∞(SV ) ' K(Z, V ), and
therefore we have
SG → Sp2(SG)→ · · · → Sp∞(SG) ' HZ
where Z is the fixed point Mackey functor of the trivialG-module Z, and SG = {SV }V ∈RO(G)
is the equivariant sphere spectrum formed from the one-point compactifications of the
orthogonal representations of G. The homotopy of this filtration has been studied by [?]
(where pi0 was calculated) and [10] (where the integral rational homotopy of Spn(SG) was
explicitly calculated), In both cases, there is richer structure than in the nonequivariant
case, coming from the group G and its poset of subgroups.
By Dos Santos’s result, one has the filtration
SG = Sp1p(SG)→ Sp2p(SG)→ Sp3p(SG)→ · · · → HFp
which will be our main purported tool to compute the structure of HFp ∧HFp. We will
later abbreviate Spnp (SG) as just Spnp,G. Following the notation of Mitchell-Priddy, we
will let DG(k) = Spp
k
p,G denote the p
k-th stage of this filtration, so that we have
SG = DG(0)→ DG(1)→ DG(2)→ · · · → HFp
From the p-local point of view, these will be the relevant steps of the filtration. Also
following Mitchell-Priddy, we let MG(k) := Σ−kDG(k)/DG(k − 1).
3. Geometric Models for Equivariant Classifying Spaces
In this section, we define the spaces EGΛ and BGΛ for any groups G and Λ. These are
G-equivariant versions of the usual EΛ and BΛ. We then prove the following theorem
in three steps.
Theorem 3.1.
MG(1) ' (Sppp/Spp−1)(SG) ' Σ∞+BGΣp ' Σ∞+BGAff1
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The first step will be to prove the equivalence in the middle by constructing an explicit
geometric model for BGΣp using representations. The second step is to prove the equiv-
alence on the right, which is an equivariant version of the well-known p-local equivalence
Σ∞+BΣp → Σ∞+BAff1 given by the transfer. The third step is to prove the equivalence on
the left, by showing that the cofibers (Sp2/Sp1)(SG), . . . , (Spp−1/Spp−2)(SG) are p-locally
contractible.
3.1. The space EGΛ. Let Λ be any finite group. Then EGΛ is the (G × Λ)-homotopy
type with the property that, for any subgroup Γ ⊆ G× Λ,
(EGΛ)
Γ '
{
∗ if Γ ∈ F
∅ if Γ /∈ F
where F is the collection of graph subgroups - i.e., Γ ∈ F if and only if Γ ∩ Λ = {1}.
Note that F is closed under conjugation and closed under taking subgroups, so this is
a sensible definition. This space has a free action of Λ, and for any subgroup H ⊂ G,
restriction to the action of (H × Λ) gives EHΛ. If X is a (G × Λ)-space, we define the
genuine homotopy orbits by
(X)hGΛ := X ×Λ EGΛ
We call BGΛ = (∗)hGΛ the equivariant classifying space.
Example 3.1.1. Suppose that Λ = Z/p. Then EGZ/p has the geometric model
EGZ/p ' U(∞(ρG ⊗ ρZ/p))
where ρ and ρ are the regular and reduced regular representation, respectively, and U(V )
denotes the unit sphere in the real vector space V .
One may think of this space as ordered configurations of p (not necessarily distinct)
points in ∞ρG whose sum is zero and total length is 1 - because the points have sum
zero, Z/p acts freely. If one considers the subspace of configurations of distinct points,
one obtains a model for EGΣp sitting inside EGZ/p. In fact, we can prove the following
more general statement.
Lemma 3.2. Let G be any finite group. Let
β = {(x1, . . . , xp)|xi ∈ R,
n∑
i=1
xi = 0}
denote the (p−1)-dimensional reduced standard representation of Σp. Then U(∞ρGβ) is
a model for EGF , where F is the collection of nontransitive subgroups of Σp, and EGF
is the (G× Σp)-space classifying subgroups Γ such that Γ ∩ Σp ∈ F .
Proof. Let Γ ⊂ G×Σp be any subgroup. Then it suffices to prove that (ρG ⊗ β)Γ = 0 if
and only if Γ ∩ Σp acts transitively on {1, 2, . . . , p}, as this will then imply
U(∞ρGβ)Γ '
{
∅ if Γ ∩ Σp transitive
S∞ ' ∗ otherwise
One direction is clear: if Γ ∩ Σp is transitive, then Γ contains an element (1, σ) where
σ ∈ Σp is a p-cycle. Clearly β〈σ〉 = 0 and thus (ρG ⊗ β)Γ ⊂ (ρG ⊗ β)〈(1,σ)〉 = 0.
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So we must show that if Γ ∩ Σp is not transitive, then there is a nontrivial fixed
vector. Let Γ′ denote Γ ∩ Σp. Then Γ′ has a nontrivial fixed vector w ∈ β. For
example, if Γ′ is contained in a Young subgroup Σi × Σp−i, then it fixes the vector
(p− i, p− i, . . . , p− i,−i,−i, . . . ,−i).
Let H be the projection of Γ onto G, and let Φ be the projection of Γ onto Σp. Γ′ is
normal in Φ, as one can see from the equation
(g, φ)(1, γ′)(g−1φ−1) = (1, φγ′φ−1)
where γ′ ∈ Γ′ and φ ∈ Φ. So Γ can be thought of as the graph of a homomorphism
θ : H → Φ/Γ′. Now consider the vector
u =
∑
γ∈Γ
γ(v ⊗ w) =
∑
h∈H
hv ⊗ (|Γ′| · θ(h)w)
where v ∈ ρG is a vector acted upon freely by G. This vector is clearly fixed by the
action of Γ, and it is nonzero because the vectors {hv}h∈H are linearly independent. 
Corollary 3.3. (Spp/Spp−1)(S`ρG)/d(S`ρG) is stably equivalent to S`ρG ∧S1∧EGF+/Σp.
Proof.
(Spp/Spp−1)(S`ρG)/d(S`ρG) ' (Sp`ρG/d(S`ρG))/Σp ' S`ρG ∧ (S`ρGβ/S0)/Σp
S`ρGβ/S0 ' S1 ∧ U(`ρGβ)+. The result now follows from the previous corollary. 
3.2. p-local equivalence of some classifying spaces. In this section, we show that
there are p-local stable equivalences5
Σ∞+BGAff1 → Σ∞+BGΣp → Σ∞+EGF/Σp
Combined with the result of the last section, this shows that Sppp,G/Sp
p−1
G ' S1 ∧
Σ∞+BGAff1. The method of proof will be by constructing the maps shown, and then
showing they are p-local equivalences on G-geometric fixed points (which suffices by in-
duction on the group G). A key fact which is used is the following: for any pointed
(G× Λ)-space X,
(X/Λ)G =
( ∨
f :G→Λ
Xf
)
/Λ
where Xf ⊂ X is the subspace of points fixed by the graph of f (i.e., the part of X
where G acts via the map f). Here, Λ acts on such maps f by conjugation. One uses
this formula to compute the fixed points.
Lemma 3.4. Let Φ ⊂ Σp be a subgroup which acts nontransitively on {1, 2, . . . , p}. Then
Fp[Σp/Φ] is a projective Fp[Σp]-module. Thus, if X is a pointed Σp-space with underlying
points contractible, such that the isotropy group of any point in X is nontransitive, then
H˜∗(X/Σp;Fp) = 0.
5The reason for taking suspension spectra, is so that p-localization makes sense, as the space BΣp is
not nilpotent.
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Proof. If Φ is nontransitive, then its order is relatively prime to p. There is a transfer
map
Fp[Σp/Φ]→ Fp[Σp]
aΦ 7→
∑
g∈aΦ
g
such that the composition Fp[Σp/Φ] → Fp[Σp] → Fp[Σp/Φ] is multiplication by |Φ|,
hence an isomorphism. This exhibits Fp[Σp/Φ] as a direct summand of Fp[Σp], and so it
is projective.
If X is any pointed Σp-space, then C˜∗(X/Σp;Fp) = C˜∗(X;Fp)Σp . If every isotropy
group of points in X is nontransitive, then C˜∗(X;Fp) is a direct sum of projective Fp[Σp]-
modules. Therefore if C˜∗(X;Fp) is acyclic, C˜∗(X/Σp;Fp) is acyclic. 
Corollary 3.5. There is a stable p-local equivalence
Σ∞+ (EGΣp)+/Σp → Σ∞+EGF+/Σp
Proof. The map EGΣp → EGF is the inclusion described previously (3.1). Let X be the
mapping cone - then
(1) XΓ ' Cone(∗ → ∗) ' ∗ whenever Γ ∩ Σp is transitive OR is {1}.
(2) XΓ ' Cone(∅ → ∗) ' S0 otherwise
Then it is sufficient to show that Σ∞X/Σp is p-locally trivial. I.e. we must show that
Σ∞+ (X/Σp)
H is p-locally trivial for every subgroup H ⊂ G - by induction on the group
G, it will suffice to consider H = G.
It suffices to show that H˜∗((X/Σp)G;Z(p)) = 0. If H˜∗((X/Σp)G;Z(p)) 6= 0, then mul-
tiplication by p is not an isomorphism, and thus the long exact sequence tells us that
H˜∗(X/Σp;Fp) 6= 0. Therefore, it suffices to show that H˜∗((X/Σp)G;Fp) = 0. There is an
equivalence
(X/Σp)
G =
 ∨
f :G→Σp
Xf
 /Σp
where Xf = XΓf is the set of points fixed by Γf ⊂ G×Σp, the graph of f . Since XΓf ' ∗
for every f , C˜∗(
∨
f :G→Σp
Xf ;Fp) is acyclic. The result now follows from the previous lemma,
because the isotropy group of any point in X is nontransitive. 
Proposition 3.6. Σ∞+BGAff1 → Σ∞+BGΣp is a p-local equivalence.
Proof. By induction on the group, it suffices to check it is a p-local equivalence on
geometric fixed points (the base case G = {1} is well known). Here, the map is( ∨
f :G→Aff1
Σ∞+EAff1
)
/Aff1 →
 ∨
g:G→Σp
Σ∞+EΣp
 /Σp
induced by an inclusion Aff1 ↪→ Σp. This simplifies to∨
[f :G→Aff1]
Σ∞+BCAff1(imf)→
∨
[g:G→Σp]
Σ∞+BCΣp(img)
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where C denotes the centralizer. Note that every nontrivial homomorphism G → Aff1
or G → Σp factors through a quotient Cp, so we may assume G = Cp. There are
p − 1 nontrivial homomorphisms Cp → Aff1, and each is centralized by the translation
subgroup Z/p ⊂ Aff1, so the left side is equivalent to Σ∞+BAff1 ∨ Σ∞+BZ/p. Meanwhile,
there are (p − 1)! nontrivial homomorphisms Cp → Σp, and each is centralized by its
own image, so the right side is equivalence to Σ∞+BΣp ∨ Σ∞+BZ/p. It is easy to see that
the map is the identity Σ∞+BZ/p → Σ∞+BZ/p on the nontrivial summands, and on the
trivial summands, is the map Σ∞+BAff1 → Σ∞+BΣp which is well-known to be a p-local
equivalence. 
Note: An explicit inverse Σ∞+BGΣp → Σ∞+BGAff1 is given by the transfer
Σ∞+ (∗)hGΣp → Σ∞+ (Σp/Aff1)hGΣp
which arises by summing the (p− 2)! different maps ∗ → Σp/Aff1.
3.3. Cofibers in the filtration for HZ. Analogous to the nonequivariant situation
addressed by [2], there is an equivalence ([10])
SpnG/Sp
n−1
G ' Σ∞(P♦n ∧ Sn) ∧Σn (EGΣn)+
In this section, we prove the following theorem, analogous to [3].
Theorem 3.7. If n is not a power of p, then there is a p-local equivalence (P♦n∧Sn)∧Σn
Σ∞+EGΣn ' Σ∞∗. If n = pk, then there is a p-local equivalence
(B♦k ∧ Sp
k
) ∧Affk Σ∞+EGAffk → (P♦n ∧ Sn) ∧Σn Σ∞+EGΣn
This theorem is interesting in its own right, but a straightforward consequence is
Corollary 3.8. There is a stable equivalence
(Sppp/Sp
p−1)(S`ρG) ' (Sppp/Sp1)(S`ρG)
The theorem tells us that the cofibers Sp2/Sp1, Sp3/Sp2, . . . , Spp−1/Spp−2 are all stably
contractible, which immediately implies the corollary. So we prove the theorem.
Proof. It suffices to check the result on G-geometric fixed points, and then invoke induc-
tion on the group G. (The base case is G = {1}, which is just the nonequivariant result
of [3].)
First, suppose n is not a power of p. Then
((P♦n ∧ Sn)hGΣn)G '
∨
[f :G→Σn]
((P♦n)
imf ∧ (Sn)imf )hCΣn (imf)
'
∨
|T |=n
(P♦T ∧ S|T/G|)hΣT
where the wedge sum is taken over isomorphism classes of G-sets T , and PT and ΣT
are the poset of equivariant partitions and the group of equivariant automorphisms,
respectively, of T . By Lemma 7.1 of [1], PT is ΣT -equivariantly contractible unless T is
isotypic, so we may restrict the wedge sum to isotypic T .
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Let us suppose that T = a(G/H), i.e. T has a orbits each equal to G/H. By
Proposition 9.1 of [1], there is a homotopy equivalence
(ΣG/H)
a ∧ΣG/H ΣPG/H ∗P♦a → P♦T
ΣT is isomorphic to ΣaG/H o Σa Thus,
(P♦T ∧ S|T/G|)hΣT ' ((ΣG/H)a ∧ΣG/H ΣPG/H ∗P♦a ∧ Sa)h(ΣaG/HoΣa)
' ((P♦G/H)hΣG/H ) ∗ (P♦a ∧ Sa)hΣa
I.e., the part of ΣT which shuﬄes the orbit G/H acts on the first partition complex, and
the part which permutes the a copies of this orbit acts on the second part. The second
part is contractible unless a is a power of p, which happens only if n is a power of p.
Now let n = pk. The map
(B♦k ∧ Sp
k
) ∧Affk (EGAffk)+ → (P♦n ∧ Sn) ∧Σn (EGΣn)+
arises from the inclusion Bk → Ppk . We will prove the described map is a p-local
equivalence by showing it is a p-local equivalence on G-fixed points (again, the case
G = {1} follows from [2]). On the left side, we have a decomposition (5.1)
((B♦k ∧ Sρk)hGAffk)G '
∨
[f :G→Affk]
((B♦k )
imf ∧ (Sρk)imf )CAffk (imf)
'
∨
pG⊂H⊂G
((B♦k−rk(G/H) ∧ Sρk−rk(G/H))hAffk−rk(G/H) ∧ S1 ∧B(G/H)+ ∧P(G/H)♦)
On the right side, we have a splitting
((P♦n ∧ Sn)hGΣn)G '
∨
|T |=n
((P♦T ) ∧ S|T/G|)hΣT
'
∨
pG⊂H⊂G
(P♦
pk−rk(G/H) ∧ Sp
k−rk(G/H)
)hΣ
pk−rk(G/H)
∧ S1 ∧ ((P♦G/H)hΣG/H )
The first parts of each smash product above are equivalent, by [3]. The second parts
are equivalent because ΣG/H ' G/H and it acts trivially on P♦G/H : thus (P♦G/H)hG/H '
P(G/H)♦ ∧ B(G/H)+. It is clear that the map 3.3 respects these decompositions, and
induces a p-local equivalence. 
4. Fixed Points in the Symmetric Power Filtration
It is a usual approach to study a G-space X by studying its various fixed point spaces
XH and the way in which they include into one another. When we take the underlying
points of Sp∞SG (where SG is the G-sphere spectrum), we get back Sp∞, which has been
studied in the previous section. Thus, the next step is to understand the geometric fixed
points of Sp∞SG.
So this section is devoted to computing ΦG(Sp∞SG), where G is any finite abelian
p-group. To do this, we first develop general language for computing (Sp∞X)G where
X is any G-space. Just as Sp∞X decomposes into spaces SpnX/Spn−1X, (Sp∞X)G
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decomposes into spaces PrTG(X) indexed on finite G-sets T . This is done in the first
section. The key statement (4.2) of section 2 is that for X = SG,
(1) The cofibers corresponding to nonisotypic T are contractible.
(2) For T = m(G/H), the corresponding cofiber is a smash product of Spm/Spm−1
with a particular space dependent on only G/H (namely, the classifying space
joined with the subgroup complex).
In section 3, we explicitly identify the attaching maps (4.6), which come from the isotropy
structure of S∞ρG . In particular, if we let
MG(k) := Σ
−kSpp
k
p,G/Sp
pk−1
p,G
then the attach maps all become zero, and so ΦGMG(k) decomposes as a wedge sum of
these cofibers.
4.1. A Stratification of (Sp∞X)G. For this section, let G denote an arbitrary finite
group. Consider the functor (Sp∞(−))G from pointed G-spaces to pointed spaces. The
goal of this section is to study this functor by stratifying it into simpler parts. For the
rest of this section, we will fix a pointed G-space X and study (Sp∞X)G for the sake
of concreteness. But the entire discussion is functorial in X, and therefore lifts to a
discussion of the functors themselves.
If (x1, . . . , xn) ∈ (SpnX)G ⊂ (Sp∞X)G, then the action of G permutes the points
x1, . . . , xn, making this collection of points into a G-set T of size n. Let us then say that
the tuple (x1, . . . , xn) has type T. Let XT ⊂ (SpnX)G ⊂ (Sp∞X)G denote the subspace
of tuples of type T . Clearly (SpnX)G =
⋃
|T |≤n
XT , and these XT ’s intersect trivially, but
there are attaching data.
Define a partial ordering  on isomorphism classes of finite G-sets as follows. If K,H
are subgroups of G such that some conjugate of K is a subgroup of H (which we will
denote by K ≤ H), then define
G/H  [H : K] · (G/K)
and extend this relation by declaring that if T  U , then T unionsq S  U unionsq S. Then the
closure of XT is contained in
⋃
ST
XS, which itself is a pointed subspace of (Sp∞X)G.6
We’ll consider a filtration of (Sp∞X)G indexed not on the nonnegative integers, but
instead indexed on the poset of finite G-sets T (such a thing will be called a G-filtration).
The T -th stage of this G-filtration is defined to be
(Sp∞X)GT :=
⋃
ST
XS
and the T -th cofiber is
PrTGX '
(⋃
ST
XS
)
/
(⋃
S≺T
XS
)
6This is a generalization of the fact that the H-isotropy part of X, X(H), is contained in the subspace
XH ' ⋃
K≤H
X(K).
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which we call the T -primitives of X. An equivalent definition is
PrTGX = XT/(XT −XT )
where the closure is taken in (Sp∞X)G.7
PrTG(−) is a functor from pointed G-spaces to pointed spaces - it may be thought of as
a subquotient of the functor (Sp∞(−))G. Some of its key properties are proven below.
Proposition 4.1. Call a finite G-set isotypic if its orbits are all isomorphic. If T =
T1 unionsq . . . unionsq Tr where r ≥ 1 and each Ti is isotypic and nontrivial, then
PrTGX ' PrT1G X ∧ · · · ∧ PrTrG X
If T is itself isotypic and T = m · S where S is a single orbit, then
PrTGX ' Prm1 (PrSGX)
Proof. XT ' XT1 × · · · ×XTr . The first property follows by standard point-set topology
reasons.
For the second property, it can be deduced from the definitions that for any Y ,
Prm1 (Y ) = (Sp
m/Spm−1)(Y ) ' Y ∧m/Σm
Thus, letting A =
⋃
RS
XR and B =
⋃
R≺S
XR,
Prm1 (Pr
S
GX) ' (A/B)∧m/Σm ' SpmA/(B ∧ Spm−1A)
SpmA is the union of all XU where U is a disjoint union of ≤ m orbits, each  S. This
is the same as U being a G-set  T . So SpmA ' ⋃
ST
XS.
B∧Spm−1A contains all XU among these where U has at least one component  S (or
fewer than m orbits). This is the same as the G-sets ≺ T , so B ∧Spm−1A ' ⋃
S≺T
XS. 
(−)T (resp. PrTG(−)) is a functor from pointed G-spaces to spaces (resp. pointed
spaces). Let V be any real representation of G. Then we have maps
V G ×XT → (SV ∧X)T
SV
G ∧ PrTGX → PrTG(SV ∧X)
Thus, PrTG extends to a functor from genuine G-spectra to spectra. So just as the
{PrTG(−)}T are the cofibers in a G-filtration for (Sp∞(−))G on spaces, they are the
cofibers in a G-filtration for ΦGSp∞(−) on spectra. In the next section, we will study
the behavior of these functors applied to the G-sphere spectrum.
7We could instead consider an ordinary (Z≥0-graded) filtration of (Sp∞X)G given by any total or-
dering, i.e. a bijective map f : FinG → Z≥0 with the property that if S ≺ T , then f(S) < f(T ). Then
the cofiber at the stage f(T ) will be the T -primitives defined above. But that is less natural.
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4.2. Computing Stable Primitives. Let G be a finite abelian p-group. In this section,
we will compute PrTG(SG) (henceforth simply denoted PrTG for brevity, or sometimes PrT
when the group G is understood) when T is any finite G-set. We first do the case where
T = G/H for a subgroup H (4.3). In this case,
PrG/H ' Σ∞+B(G/H) ∧ S1 ∧ P(G/H)♦
where P(G/H)♦ is the unreduced suspension of the nerve of P(G/H), the subgroup
complex of G/H. The subgroup complex is discussed in the Appendix (7.1) - including
its product structure and homotopy type on finite abelian p-groups.
Note that the expression on the right depends only on the group G/H, and hence it
is reasonable to drop the subscript G from the notation. We then use this result to get
the expression for the case of general T .
Theorem 4.2. Let T be a G-set.
• If T is isotypic, i.e. T = m(G/H) for some m, then
Prm(G/H) ' Prm1 (PrG/H) ' (P♦m ∧ Sm)hΣm ∧ Σ∞+B(G/H) ∧ S1 ∧ P(G/H)♦
• If T is not isotypic, then PrTG ' ∗.
We will first compute the spectrum PrG/H when H ⊂ G is a subgroup. It is clear
that PrG/HG ' Pr(G/H)/1G/H , because the H-fixed points of the regular representation ρG are
equal to ρG/H as a representation of G/H. Therefore, it suffices to compute PrG/1. We
henceforth denote this by PrG (justified notation as we are claiming it is functorial in
the group G).
Theorem 4.3. There is an equivalence ϕG
Σ∞(BG+ ∧ S1 ∧ P(G)♦) ϕG→ Σ∞PrG(S∞ρG) = PrG
where P(G) is the poset of subgroups H ⊂ G such that {1} 6= H 6= G. This equivalence
respects the product structures
Σ∞+BG1 ∧ ΣP(G1)♦ ∧ Σ∞+BG2 ∧ ΣP(G2)♦ //
ϕG1∧ϕG2

Σ∞+B(G1 ×G2) ∧ ΣP(G1 ×G2)♦
ϕG1×G2

PrG1 ∧ PrG2 // PrG1×G2
where G1, G2 are any two abelian groups. Here, the top horizontal map is induced from
the maps BG1 ×BG2 → B(G1 ×G2) and P(G1)♦ ∗ P(G2)♦ → P(G1 ×G2)♦.
Corollary 4.4.
PrG/H ' Σ∞+B(G/H) ∧ S1 ∧ P(G/H)♦
Proof. Let X ⊂ S∞ρG be the subspace of all points with nontrivial isotropy group. By
definition, PrG = (S∞ρG/X)/G. Since G acts freely on the pointed space S∞ρG/X, its
orbits are the same as its homotopy orbits, and so we can use the cofiber sequence
XhG → (S∞ρG)hG → (S∞ρG/X)hG
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LetX(H) ' S∞ρHG denote the part of S∞ρG fixed by H, for each subgroup H (including
H = {1}). Since G is abelian, it acts on X(H), and so we view it as a G-space. Then
X =
⋃
H 6={1}
X(H)
where X(K) ⊂ X(H) whenever K ⊃ H. By computing fixed points,
X(H)K '
{
S0 K +H = G
S∞ ' ∗ K +H 6= G
When H 6= G, X(H) has underlying points contractible. Therefore, X(H) ∧ EG+ has
contractible fixed points under all subgroups K ⊂ G. Thus, ∗ → X(H) ∧ EG+ is a
G-equivalence, and so
X(H)hG ' (X(H) ∧ EG+)/G ' (∗/G) ' ∗
In particular, (S∞ρG)hG ' ∗, and so from the cofiber sequence 4.2, (S∞ρG/X)/G '
S1 ∧XhG. Here,
XhG '
⋃
H 6={1}
X(H)hG
EachX(H)hG is contractible, except forH = G, in which caseX(G)hG ' (S0)hG ' BG+.
Since the X(H)hG’s form a covering of XhG, the proof is complete by 7.1, applied when
P is the poset of subgroups {1} 6= H ⊆ G and H ∧K = HK.
To get compatibility with the product structure: suppose that G1, G2 are two abelian
groups, and let us study the product map PrG1(S∞ρG1 )∧PrG2(S∞ρG2 )→ PrG1×G2(S∞ρG1×G2 ).
Let X1 ⊂ S∞ρG1 , X2 ⊂ S∞ρG2 and X ⊂ S∞ρG1×G2 be the points with nontrivial isotropy.
Then, using the fact that
ρG1×G2 = ρG1 ⊕ ρG2 ⊕ (ρG1 ⊗ ρG2)
with ρG1 = ρ
G2
G1×G2 and ρG2 = ρ
G1
G1×G2 . We thus have a map of cofiber sequences of
(G1 ×G2)-spaces (written vertically)
(X1 ∧ S∞ρG2 ) ∪ (S∞ρG1 ∧X2) //

X

S∞ρG1 ∧ S∞ρG2 //

S∞ρG1×G2

(S∞ρG1/X1) ∧ (S∞ρG2/X2) // (S∞ρG1×G2/X)
The horizontal map in the middle comes from the inclusion ρG1 ⊕ ρG2 ⊂ ρG1×G2 . The
top horizontal map is the restriction of the middle horizontal map to the subspace of
points with nontrivial isotropy group. The bottom horizontal map which results, is our
product map. The middle horizontal map in the diagram above restricts to products
S∞ρ
H1
G1 ∧ S∞ρ
H2
G2 = (S∞ρG1 ∧ S∞ρG2 )(H1×H2) → S∞ρ
H1×H2
G1×G2
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This implies that this product map comes from the product map described in 7.1
(P(G1)♦ ∧ (BG1)+) ∗ (P(G2)♦ ∧ (BG2)+)→ P(G1 ×G2)♦ ∧B(G1 ×G2)+

Now consider the case where T is an arbitrary G-set. We use the following proposition,
which follows from the same argument as Proposition 7.2 of [2]. Let Pn be the partition
poset of {1, . . . , n}.
Proposition 4.5. Let Z be any pointed space. Then we have a stable equivalence
Prn1 (S
` ∧ Z) s' S` ∧ Z ∧ (P♦n ∧ Sn)hΣn.
Proof of 4.2. First let’s address the first bullet point. By 4.1, Prm(G/H)G ' Prm1 (PrG/HG ).
By the above proposition, this is equivalent to Σ∞(P♦m∧Sm)hΣm ∧PrG/HG , which then by
4.3, is equivalent to Σ∞(P♦m ∧ Sm)hΣm ∧B(G/H)+ ∧ S1 ∧ P(G/H) as desired.
Now let’s address the second bullet point. Suppose that T =
∐
H
mH(G/H) for some
nonnegative integers mH , where at least two of the mH ’s are nonzero. Then
PrTG(S
`ρG) '
∧
H
Pr
mH(G/H)
G (S
`ρG)
Each piece on the right is (2`−1)-equivalent to an `-fold suspension. Therefore, the right
hand side is (2`− 2)-equivalent to a 2`-suspension, and therefore is (2`− 2)-connected.
So when we let `→∞, PrTG ' ∗.
4.3. Decomposition of ΦG(SpnSG). We now use the results on stable primitives to
construct cofiber sequences computing ΦGSpnG.
Let G be a finite abelian p-group, and let X be any pointed G-space. Analogous to
in 4.1, we consider a filtration F(−) of X/G, indexed on the poset of G-orbit types, and
defined by FG/H = (XH)/(G/H). For each H ⊆ G, let X(H) be the part of X with
H-isotropy. Then
FG/H = (X
H)/(G/H) =
( ⋃
K⊇H
X(K)/(G/K)
)
and therefore, the cofiber at the G/H orbit is, by definition,
FG/H/
⋃
K)H
FG/K ' PrG/HG (X)
In the case where G is an elementary abelian p-group of rank r, the attaching data among
these cofibers consists of maps∨
Hi
Pr
G/Hi
G (X)→ S1 ∧
∨
Hi−1
Pr
G/Hi−1
G (X)
where Hi denotes subgroups H ⊂ G such that G/H has rank i. When X = S∞ρG , let fi
denote the resulting map
fi :
∨
Hi
PrG/Hi → S1 ∧
∨
Hi−1
PrG/Hi−1
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The following theorem states that ΦGSpnG has a similar filtration, whose attaching data
is a combination of the maps fi with the p-replication map on symmetric powers.
Theorem 4.6. Let G be any finite abelian p-group. Then ΦGSpnG has a filtration indexed
on the poset of subgroups H ⊂ G such that G/H is p-torsion, where the ordering is the
opposite of the order coming from inclusion. The cofiber at a subgroup H is Sp
n
[G:H] ∧
Pr
G/H
G and the attaching maps are
(−)p ∧ fi : Spn/pi ∧
∨
Hi
Pr
G/Hi
G → Spn/p
i−1 ∧ S1 ∧
∨
Hi1
Pr
G/Hi−1
G
where (−)p : Spn/pi → Spn/pi−1 is the p-replication map.8
The essential idea of the proof is simple (most of the proof is checking details). ΦGSp∞G
has a G-filtration indexed on the finite G-sets T , where the cofibers are PrTG. These are
stably contractible whenever T is non-isotypic. What remains in the stable setting are
the isotypic G-sets, which are defined by two parameters: orbit type (indexed by the
poset of G-orbits) and number of orbits (indexed by 0, 1, 2, . . .). The cofibers described
in the theorem come from collapsing the ‘number of orbits’ dimension, so that we are
left with a filtration indexed on the G-orbits. Then it is just using the fact that for
T = m(G/H), PrTG ' Spm/Spm−1 ∧ PrG/HG (4.1) and carefully checking that the attach
maps operate independently along these two parameters.
Proof. Let X = S`ρG . Here we use the notation of 4.1. (Sp∞X)G (resp. (SpnX)G) has a
filtration F∞(−) (resp. F
n
(−)) indexed on G-orbits such that
F∞G/H =
⋃
T
XT
where T varies over finite G sets (resp. G-sets of size ≤ n) consisting only of orbits G/K
with K ⊇ H. Here,
F 1(−) ⊂ F 2(−) ⊂ F 3(−) ⊂ · · · ⊂ F∞(−)
The cofiber (F∞G/H/
⋃
K)H
F∞G/K) is built out of the Pr
T (X)’s where T has at least one orbit
G/H. As we know from 4.2, PrT is stably contractible for non-isotypic T . Thus, as `→
∞, (F∞G/H/
⋃
K)H
F∞G/K) is built out of just the Pr
T where T = (G/H), 2(G/H), 3(G/H), . . ..
Recall from 4.2 that
Prm(G/H) ' Spm/Spm−1 ∧ PrG/H
The attachment of these primitives to each other is just the same as how Pr(G/G),Pr2(G/G),Pr3(G/G), . . .
attach together to form Sp∞. So we get a stable equivalence
(F∞G/H/
⋃
K)H
F∞G/K) ' Sp∞ ∧ PrG/H
Here we see that if G/H is not p-torsion, then
PrG/H ' S1 ∧ P(G/H)♦ ∧ Σ∞+B(G/H)
8When α is not an integer, we define Spα := Spbαc.
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is contractible, because P(G/H) is contractible. Hence, we only need to consider the
subgroups H such that G/H is p-torsion.
Now what are the attach maps? Suppose that Hi ⊂ Hi−1 ⊂ G such that rk(G/Hi) = i
and rk(G/Hi−1) = i − 1. A G/Hi-orbit in X = S`ρG is a collection of pi points in X,
and is defined by an element of X(Hi)/(G/Hi). The (stable) attachment of Pr
G/Hi
G (X)
onto Spp ∧PrG/Hi−1G (X) occurs when these pi points collapse together to form p identical
copies of a G/K-orbit (of size pi−1). This looks exactly the same as the attachment
of X(Hi)/(G/Hi) onto X(Hi−1)/(G/Hi−1) in X/G, except that we get p copies of the
resulting point.
When we put these maps together for all Hi of rank i and Hi−1 of rank i− 1, we get
the attach map on orbit types
(−)p ∧ fi :
∨
Hi
PrG/Hi → Spp ∧ S1 ∧
∨
Hi−1
PrG/Hi−1
In the case of multiple orbits, a similar argument yields that the attach maps are
(−)p ∧ fi : Spm/Spm−1 ∧
∨
Hi
PrG/Hi → Sppm/Sppm−1 ∧ S1 ∧
∨
Hi−1
PrG/Hi−1
We have commutative diagrams
Spm+1/Spm ∧∨
Hi
PrG/Hi //

Spp(m+1)/Spp(m+1)−1 ∧ (S1 ∧ ∨
Hi−1
PrG/Hi−1)

(S1 ∧ Spm/Spm−1) ∧∨
Hi
PrG/Hi // (S1 ∧ Sppm/Sppm−1) ∧ (S1 ∧ ∨
Hi−1
PrG/Hi−1)
where the horizontal maps are the attach maps described above on orbit types, and the
vertical maps are the attach maps for number of orbits. It thus follows that we can
assemble all of the cofibers PrT (T varying over all isotypic G-sets) along the number of
orbits parameter, resulting in cofibers Sp∞ ∧ PrG/H with attach maps
(−)p ∧ fi : Sp∞ ∧
∨
Hi
PrG/Hi → Sp∞ ∧ S1 ∧
∨
Hi1
Pr
G/Hi−1
G
If we restrict this map to the filtration F n(−) ⊂ F∞(−), which is a filtration of ΦGSpnG and
involves only those PrTG such that |T | ≤ n, we get
(−)p ∧ fi : Spn/pi ∧
∨
Hi
PrG/Hi → Spn/pi−1 ∧ S1 ∧
∨
Hi1
PrG/Hi−1
as desired.

Example 4.6.1. Consider the case G = Cp. Then Pr
Cp/1
Cp
' ΣBZ/p+. The attach map
f1 : Pr
Cp/1
Cp
→ S1 ∧ PrCp/CpCp arises from the map BZ/p+ → S0 which sends basepoint to
basepoint, and BZ/p→ ∗.
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Corollary 4.7. If we consider the similar decomposition of ΦGSp∞G,p, the attach maps
are all zero because the p-replication map is zero. Therefore,
ΦGSp∞G,p '
∨
H⊆G
Sp∞p ∧ PrG/HG
ΦGSpnG,p '
∨
H⊆G
Spn/[G:H]p ∧ PrG/HG
Corollary 4.8. Passing to the cofibers in the previous corollary,
ΦGMG(k) '
∨
H⊆G
MG(k − rk(G/H)) ∧ Σ−rk(G/H)PrG/HG
Example 4.8.1. Let G = Cp. If one considers the cofiber sequence
ΦGSpp
k−1
G
d→ ΦGSppkG → ΦGSpp
k
p,G
and uses the decomposition above, one obtains another proof of the fact M(k) ' L(k)∨
L(k − 1) from [15].
5. Steinberg Summands and Splitting of Orbit Types
Let G be a finite p-group, and let V be a finite dimensional Fp-vector space. Let
GL(V ),Aff(V ), V , and ρV denote the general linear group, affine group, Steinberg idem-
potent, and reduced real regular representation of V , respectively. In this section, we
study the geometric fixed points of VBGV mρV , where BGV mρ∆k is the Thom construction
of the vector bundle mρV on BGV .
We briefly review the Thom construction. If X is a G-space, and ξ is a G-equivariant
real vector bundle on X, then the Thom construction is given by the unit disk sub-bundle
quotient the unit sphere sub-bundle, Xξ = D(ξ)/S(ξ). The result should be thought of
as a generalized suspension of X+ - indeed, when ξ is the trivial n-dimensional real vector
bundle, then Xξ ' Sn ∧X+. We are considering the case where X = BGV and ξ is the
vector bundle given by the representation mρV . Here, m can be negative (in which case,
the Thom construction is a G-spectrum).
In particular, we think about all of these, as V varies over finite dimensional Fp-vector
spaces, as a family of objects (we explore their product structure in the next section).
The result is a splitting result analogous to 4.6. The particular cases we will need are
m = 0 and m = 1.
Theorem 5.1.
((B♦V ∧ SmρV )hGAff(V ))G '
∨
[f :G→V ]
(B♦V/imf ∧ SmρV/imf )hAffV/imf ∧ S1 ∧B♦imf ∧B(imf)+
Or, written another way,
ΦG(VBGV
mρV ) '
∨
[f :G→V ]
V/imfB(V/imf)
mρV/imf ∧ S−imf ∧ Primf
where the wedge sum is taken over GL(V )-conjugacy classes of maps G→ V . Note that
such conjugacy classes are classified by subgroups H ⊂ G such that G/H is elementary
abelian.
STEINBERG SUMMANDS AND SYMMETRIC POWERS OF THE G-SPHERE 23
Proof. (of 5.1) There is a formula for the fixed points on the left side
((B♦V ∧ SmρV )hGAff(V ))G '
∨
[f :G→Aff(V )]
((B♦V )
imf ∧ (SmρV )imf )hCAff(V )(imf)
'
∨
[f :G→Aff(V )]
((B♦V )
imf ∧ (SmρV/imf )imf )hCAff(V )(imf)
Recall that Aff(V ) ' V o GL(V ), where V is the group of translations. For any such
f : G → V , call the projection of imf onto GL(V ) by U . By (7.8), if U is nontrivial
then (B♦V )
U is CGL(V )(U)-equivariantly contractible, and thus (B♦V )
imf is CAff(V )(imf)-
equivariantly contractible, because CAff(V )(imf) ⊂ V o CGL(V )(U). It follows that the
only nontrivial wedge summands are those corresponding to maps f : G→ V ⊂ Aff(V ).
CAff(V )(imf) ' V o (U oGL)
is the group of affine transformation which act by the identity on imf . Here, U is the
group of unipotent matrices associated to the flag 0 ⊂ imf ⊂ V , and GL is the group of
linear transformations on any complement of imf . Then
(B♦V ∧ SmρV/imf )CAff(V )(imf) ' (B♦V ∧BV mρV/imf )h(UoGL)
Let P denote the parabolic associated to the flag 0 ⊂ imf ⊂ V . Then as a P -space,
B♦V ∧BV mρV/imf '
( ∨
X⊥imf
B♦X ∗B♦imf
)
∧BV mρV/imf
'
∨
X⊥imf
(B♦X ∧BXmρV/imf ) ∗ (B♦imf ∧B(imf)+)
by 7.9. Here, the wedge sum is taken over all X ⊂ V transverse to imf , and P permutes
the summands with U ⊂ P freely permuting the summands. Therefore, when we take
homotopy orbits under U oGL, we get
' (B♦V/imf ∧B(V/imf)mρV/imf )hGL ∗ (B♦imf ∧B(imf)+)
this is because U acts trivially on ρV/imf , because U acts trivially on V/imf by definition.
This completes the proof.

6. Cofibers in the Symmetric Power Filtrations
Let G be a finite abelian p-grooup. In this section, we combine the classical result 2.7
with the work we have done in the last two sections, to prove there is a product-preserving
equivalence 6.1
θk : kBG∆k →MG(k)
The map θk is quite easy to construct - the work is in proving that θk is an equivalence
on geometric fixed points (which suffices by induction on the group G). Last, we show
that the cofibers ΣkMG(k) in the equivariant mod p symmetric power filtration split after
smashing with HFp.
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6.1. Using the product structure. Let ∆k denote an elementary abelian p-group of
rank k. In this section, we use BV to mean Σ∞+BV (where V is a finite group), leaving
out the Σ∞+ for notational ease. Recall that there is an equivalence θ1 : 1BG∆1 →MG(1)
(3.1). Consider the commutative diagram
kBG∆k
ι // (1BG∆1)
∧k ν //
θ∧k1

kBG∆k
(MG(1))
∧k µ // MG(k)
Here, ι is the inclusion of the Steinberg summand kBG∆k → BG∆k followed by the
projection, and µ and ν are the multiplication maps. Then define θk = µ ◦ θ∧k1 ◦ ι. In
this section, we prove
Theorem 6.1. There is an equivalence of G-spectra θk : kBG∆k →MG(k).
We do so by showing that θk is an equivalence on geometric fixed points ΦH for all
subgroups H ⊂ G such that G/H is elementary abelian.9 For H = {1}, this is due to
[15]. So by induction on the group, it suffices to check the G-geometric fixed points. In
4.6 and 5.1, we calculated expressions for ΦGMG(k) and ΦGkBG∆k, each being a wedge
sum indexed over the subgroups H ⊂ G. We will show that the map θk realizes the
correspondence between these. More precisely,
Definition 6.2. M(k)(G/H) ⊂ ΦGMG(k) is the summand corresponding to the subgroup
H ⊂ G as described in 4.6. That is, if rk(G/H) = r ≤ k,
M(k)(G/H) 'M(k − r) ∧ Σ−rPrG/H
and M(k)(G/H) ⊂ ΦGMG(k) corresponds to the G-sets G → Σpk which factor G 
G/H ↪→ Σpk .
Example 6.2.1.
M(k − r)(G/G) 'M(k − r) M(r)(G/H) ' Σ−rPrG/HG
These are the two extremes - the first case corresponds to a G-set where every orbit is
the trivial orbit, while the second case corresponds to a G-set with just a single orbit.
An important point is that because MG(k− r)∧MG(r)→MG(k) is the product map
M(k − r)(G/G) ∧M(r)(G/H)→M(k)(G/H)
is an isomorphism, where r = rk(G/H).10
9By the discussion in 7.2, it suffices to treat the case where G is elementary abelian.
10Given a map G→ Σpr with transitive image and kernel H, take the composition
G→ Σpr ↪→ Σpk
where Σpk is thought of as permutations of a pk−r × pr grid, and Σpr is the subgroup of permutations
which act in an identical way on each row. Then any map G → Σpk which defines an isotypic G-set
with pk−r orbits, each a G/H, is conjugate to a composition above. This fact is used to show that the
product map is an isomorphism.
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Definition 6.3. (kB∆k)(G/H) ⊂ ΦGkBG∆k denotes the summand corresponding to a
subgroup H ⊂ G, as described in 5.1 (note that this depends only on the group G/H).
This summand is
k
∨
G/H↪→∆k
B∆k ⊂ k
∨
G→∆k
B∆k = k(BG∆k)
G
i.e., corresponds to the maps G→ ∆k with kernel H.
As with the symmetric powers, the product maps
k−rB∆k−r ∧ rB∆r(G/H)→ kB∆k(G/H)
are isomorphisms. 11
Lemma 6.4. Consider the map
ΦGθk :
∨
H
kB∆k(G/H)→
∨
H
M(k)(G/H)
Then,
• On the G/G summands, ΦGθk induces the isomorphism αk : kB∆k → M(k) of
([15], Theorem A).
• Suppose that k ≤ rk(G). For any H such that rk(G/H) = k, ΦGθk induces the
isomorphism Σ−kϕG/H (4.3) between
k∆k(G/H) ' Σ1−kP(G/H)♦ ∧B(G/H)+ and M(k)(G/H) ' Σ−kPrG/HG
Note that these two bullet points address the two extremes - the summand correspond-
ing to the orbit type G/G, and the summands corresponding to a single orbit G/H. The
fact that this lemma can be used to deduce the general case is essentially the fact that
any finite G-set can be written as a product of a trivial G-set with a transitive G-set.
Proof. We proved in 3.1 that this lemma holds for k = 1, so we proceed by induction on
k. Let’s prove the first bullet point. Take the diagram defining θk, apply geometric fixed
points, and then look at the G/G summands.
kB∆k(G/G) // (1B∆1(G/G))
∧k
ΦGθ∧k1

(M(1)(G/G))∧k // M(k)(G/G)
The bottom horizontal map is the ordinary product M(1)∧k → M(k). The middle
vertical map is the isomorphism α∧k1 , by the inductive hypothesis. The top horizontal
map, which is the inclusion of the Steinberg summand, comes from taking the map
ΦGι : k
∨
G→∆k
B∆k → ∧k1
( ∨
G→∆1
B∆1
)∧k
and only considering the summands corresponding to the trivial homomorphism G →
∆k and G → ∆1. This is clearly the inclusion of the Steinberg summand kB∆k ↪→
11This follows from the fact that any map G → ∆k with kernel H, is conjugate (by an element of
GLk) to a map which lands entirely in the last r coordinates G→ ∆r ⊂ ∆k.
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(1B∆1)
∧k. The first bullet point of the lemma now follows from the fact that the αk’s
respect the product structure ([15], Thm A).
For the second bullet point, suppose that f : G → ∆k is a surjection with kernel H.
The map f is completely determined by knowing the composition of pii ◦ f with each
of the projections pii : ∆k → ∆1 for i = 1, . . . , k. The kernels of these pii ◦ f will be
subgroups H1, . . . , Hk such that
• rk(G/Hi) = 1 for i = 1, . . . , k.
• H1 ∩ · · · ∩Hk = H.
So there’s an equivalence of GLk-spaces∨
f :G→∆k
B∆k →
∨
(f1,...,fk):G→∆1
B∆∧k1
where the wedge sum on the left is taken over maps f : G → ∆k with kernel H, and
the wedge sum on the left is taken over tuples (f1, . . . , fk) of maps G→ ∆1 with kernels
H1, . . . , Hk satisfying the property that H1∩ · · · ∩Hk = H. Taking Steinberg summands
of this map yields the top horizontal map in the commutative diagram
kB∆k(G/H) //
∨
H1,...,Hk
(
k∧
i=1
(1B∆1(G/Hi))
)
ΦGθ∧k1

// kB∆k(G/H)
∨
H1,...,Hk
(
k∧
i=1
(M(1)(G/Hi))
)
// M(k)(G/H)
The horizontal map on the bottom is the product. The vertical map in the middle is the
obvious identity map. Rewriting the right half of this commutative diagram,∨
H1,...,Hk
(
k∧
i=1
(P(G/Hi)♦ ∧B(G/Hi)+)
)
ΦGθ∧k1

// Σ1−kP(G/H)♦ ∧B(G/H)+
∨
H1,...,Hk
(
k∧
i=1
Σ−1PrG/Hi
)
// Σ−kPrG/H
By 4.2, the dotted map which is required in order to make this square commutative is
ϕG/H . A simple diagram chase now shows that ΦGθk induces the map ϕG/H on the G/H
component. 
Corollary 6.5. For any H ⊂ G, ΦGθk induces an isomorphism kB∆k(G/H)→M(k)(G/H).
Thus, ΦGθk is an isomorphism from ΦGkBG∆k to ΦGMG(k).
Proof. Just consider the commutative diagram
k−rB∆k−r ∧ rB∆r(G/H)

' // kB∆k(G/H)
ΦGθk

M(k − r) ∧M(r)(G/H) ' // M(k)(G/H)
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The left vertical map comes from θk−r and θr. By 6.4, the map on first components
is αk−r and on second components is ϕG/H (these are both equivalences). The two
horizontal maps are clearly equivalences. It therefore follows that the right vertical map
is an equivalence. 
6.2. Splitting of the filtration. In this section, we prove that in the mod p symmetric
power filtration
S0 ' DG(0)→ DG(1)→ DG(2)→ · · · → HFp
every cofiber sequence DG(k − 1) → DG(k) → ΣkMG(k) splits after we smash with
HFp.12
Theorem 6.6. There is a graded decomposition
HFp ∧HFp '
∨
k≥0
HFp ∧ ΣkMG(k)
where HFp ∧DG(n) is the first n+ 1 summands. The zero-th summand is the unit, and
HFp ∧HFp is generated as an HFp-algebra by the zero-th and first summands.
The product map HFp ∧ HFp → HFp immediately generates a splitting of the first
cofiber sequence:
HFp ∧ S0 // HFp ∧DG(1)
rr
We can then use the product maps to split the rest.
Proposition 6.7. There is a splitting S0 ∧HFp // DG(1) ∧HFp
rr
.
Proof. The composition S0 → DG(1)→ HFp is the unit map 1 : S0 → HFp. Therefore,
after smashing with HFp, and composing with the product map µ : HFp ∧HFp → HFp,
we have the commutative diagram
S0 ∧HFp //
Id
++
DG(1) ∧HFp //
''
HFp ∧HFp
µ

HFp
The dotted map provides the splitting. 
Using the above map, we have a splitting DG(1) ∧HFp // ΣMG(1) ∧HFp
rr
- we
denote this dotted map by t1. Now define the map tk : HFp ∧ΣkMG(k)→ HFp ∧DG(k)
by the composite
HFp ∧ ΣkMG(k) ' HFp ∧ ΣkkBG∆k
tk

ι // HFp ∧ (Σ1BG∆1)∧k
t⊗k1

HFp ∧DG(k) HFp ∧DG(1)∧k
µoo
12The argument we use in this section applies to the nonequivariant case as well. It even shows that
the filtration splits after smashing with HZ, because there is a product map HZ ∧HFp → HZ.
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Here, the top horizontal map ι is the inclusion of the Steinberg summand, and the bottom
horizontal map µ comes from the product structure on the symmetric powers.
Proposition 6.8. tk is a monomorphism, and therefore splits the sequence
HFp ∧DG(k − 1) // HFp ∧DG(k) // HFp ∧ ΣkMG(k)
rr
Proof.
HFp ∧DG(1)∧k
µ //

HFp ∧DG(k)

HFp ∧ (ΣMG(1))∧k
µ //
t⊗k1
FF
HFp ∧ ΣkMG(k)
ι
mm
tk
XX
The non-dotted arrows clearly form a commutative diagram. We want to show that
tk = µ ◦ t⊗k1 ◦ ι is a monomorphism. It suffices to show that tk followed by applying the
downwards map on the right side of the square, is the identity. This is equivalent to
proving that t⊗k1 ◦ ι, followed by the downwards map on the left side of the square and
then µ, is the identity. This is obvious because the left side of the square is inclusion of
a summand (by the previous corollary) and the bottom of the square is inclusion of the
Steinberg summand. 
Corollary 6.9. The product maps
HFp ∧ ΣMG(1)∧k
µ // HFp ∧ ΣkMG(k)
are projection onto the Steinberg summand, and hence surjective. Hence, we have a
surjective map of HFp-algebras∨
k≥0
HFp ∧ ΣMG(1)∧k →
∨
k≥0
HFp ∧ ΣkMG(k) ' HFp ∧HFp
7. Appendix
7.1. Posets and Subgroup complexes. We will need a lemma about coverings in-
dexed on posets, and some preliminaries about a particular poset of interest: the poset
of subgroups of G.
Lemma 7.1. Let P be a finite poset with the property that any two elements a, b have a
unique meet a∧ b. Let Y be a pointed space, and let {Y (−)} be a covering of Y indexed
on P with the properties
Y (a) ∩ Y (b) = Y (a ∧ b)
Y (a) '
{
∗ a 6= p
Z+ a = p
where Z is a fixed space, and p is the unique minimal element of P. Then
Y ' Z+ ∧ P˜♦
where P˜ = P − {p}, and (−)♦ means to take the unreduced suspension and regard it as
a pointed space with the 0 element being the basepoint.
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Proof. We will construct a covering of Z+∧P˜♦ with the given properties. For each a ∈ P ,
define P˜\a to be the subposet of elements of P which are less than or equal to a. Then
let
Y (a) = Z+ ∧ (P˜\a)♦
For each a ∈ P˜ , P˜\a has a maximal element and is therefore contractible, and so Y (a) ' ∗.
For a = p, P˜\p = ∅ and therefore, Y (p) = Z+ ∧ S0 = Z+. It is clear that Y (a) ∩ Y (b) =
Y (a ∧ b) because P˜\a ∩ P˜\b = P˜\a∧b. 
A particular poset we will be interested is P(G), the poset of groups H such that
{1} 6= H ( G. In particular, these posets satisfy a product structure
P(G1)♦ ∗ P(G2)♦ → P(G1 ×G2)♦
P(G)♦, the unreduced suspension of P(G), has n-simplices of the form ({1} ⊂ H1 ⊂
· · · ⊂ Hn) and (H1 ⊂ · · · ⊂ Hn ⊂ G) (with basepoint ({1})). Then the space P(G)♦ sits
in a cofiber sequence
P(G)♦ → P˜(G)→ P(G)
where the space in the middle is the nerve of the poset of ALL subgroups of G (hence
contractible as it contains both a largest and smallest element) and the space on the
right has the simplices containing BOTH {1} and G - i.e. the k-simplices of |P(G)| are
the (k + 2)-simplices of P(G). There’s a (stable) product map
P(G1)× P(G2)→ P(G1 ×G2)
which arises from (H1, H2) → H1 × H2. So using the cofiber sequence P(G)♦ → ∗ →
P(G), we get our desired product maps for P(G)♦.
7.2. Subgroup Complexes of abelian p-groups: Reduction to elementary abelian
p-groups.
Lemma 7.2. Let G be a finite abelian p-group. If G is not p-torsion, then P(G) is
contractible.
Proof. Suppose that G is not p-torsion, and let ∆ ⊂ G denote the proper subgroup
consisting of all p-torsion elements. Clearly every nontrivial subgroup H ⊂ G intersects
∆ nontrivially. Therefore
P(G)→ P(G)
H 7→ H ∩∆
is a map homotopic to both the identity (because H ∩∆ ≤ H) and to the constant map
∆ (because H ∩∆ ≤ ∆). Thus, the constant map ∆ is homotopic to the identity map,
and so P(G) is contractible. 
Note that this argument does not apply to groups which are not p-groups. For example,
in the symmetric group Σ3, every nontrivial element has prime order. But P(Σ3) is not
contractible. It also does not apply to nonabelian groups: for example, consider the 8-
element group of upper-triangular matrices in GL2(F2). Here, ∆ is not even a subgroup.
Corollary 7.3. If G is any finite abelian group whose p-local part is not p-torsion, for
some p, then P(G) is contractible, and therefore PrG/1G (SG) ' ∗.
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Proof. It is clear that P(G) is the unreduced join of the P(G(p))’s, where G(p) is the
p-local part of G. The result follows from 4.3. 
Lemma 7.4. If G is an abelian p-group, then it has a largest quotient which is p-torsion
- which we call Gel.
Proof. Suppose that H,K ⊂ G are subgroups such that G/H and G/K are p-torsion.
This means that for any element g ∈ G, pg ∈ H and pg ∈ K. Therefore, pg ∈ H ∩K.
Since this holds for any g ∈ G, it follows that G/(H ∩K) is p-torsion. Hence, the set of
subgroups H ⊂ G such that G/H is p-torsion, is closed under intersection, and therefore
has a minimal element, which we denote pG (indeed, this is the set of all p-fold sums
of elements of G, which is clearly a subgroup). Then G/pG is the maximal p-torsion
quotient of G, as desired. 
Corollary 7.5. Let G be a finite abelian p-group, and let H ⊂ G be a subgroup which
does not contain Gp. Then PrG/HG (SG) ' ∗.
Corollary 7.6. If G is a finite abelian group, then G '⊕
p
G(p). Let Gel denote
⊕
p
Gel(p).
Then the stable G-primitives can be completely recovered from the stable Gel-primitives.
7.3. The Steinberg idempotent for p-groups.
Proposition 7.7. Let G be a finite p-group, and let X be a pointed (G × GLk)-space.
Then EGLk ↪→ EGGLk induces an equivalence of G-spaces
(B♦k ∧X) ∧GLk (EGLk)+ → (B♦k ∧X) ∧GLk (EGGLk)+
If we desuspend both sides k−1 times inG-spectra, then the right side is a naïve version
of the Steinberg summand of X, while the left side is a genuine version. This result says
that the two are equivalent, and relies on the assumption that G is a p-group. Thus,
there is no ambiguity in writing kX to mean either notion of the Steinberg idempotent
applied to a G-spectrum X.
Proof of 7.7. The map is obviously an equivalence of G-spaces on underlying points, so
by induction over the subgroups of G, it suffices to prove it is an equivalence on G-fixed
points. The map on G-fixed points is
(B♦k ∧XG)hGLk →
∨
Γ
(
(B♦k )
Γ ∧XΓ)
hCGLk (Γ)
where the right side is a wedge sum over conjugacy classes of graph subgroups Γ ⊂
G × GLk, and the map is the inclusion of the summand corresponding to the trivial
graph G ⊂ G × GLk. This is an equivalence because all of the other summands on the
right hand side are contractible, by the following lemma. 
Lemma 7.8. Let V be a finite dimensional vector space over a finite field of characteristic
p. Let U ⊂ GL(V ) be a nontrivial unipotent subgroup. Then (BV )U is CGL(V )(U)-
equivariantly contractible.
Proof. Note that (BV )U is the poset of nontrivial U -subrepresentations of V . First, we
will consider the case where V is an indecomposable U -representation. Consider the
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subalgebra R ⊂ F[GL(V )] generated by the elements {u − 1|u ∈ U}. Define V 1 = RV ,
and V i = RV i−1. We get a descending sequence
V = V 0 ) V 1 ) · · · ) V k ) 0
This sequence reaches 0 (and is therefore strictly descending) because R is nilpotent
(because it is when U is a maximal unipotent subgroup of GLV ). Note that V 1 6= 0,
because U is a nontrivial group, so k ≥ 1. Moreover, each V i is clearly preserved by the
action of CGL(V )(U).
We claim that for any nontrivial U -subrepresentation W ⊂ V , W ∩ V 1 6= 0. Because
U is unipotent, W has a U -fixed vector w. By definition, V k is the set of vectors
which are fixed by every element of U , so w ∈ V k, which implies w ∈ V 1, so indeed
W ∩ V 1 6= 0. Therefore, we have a CGL(V )(U)-equivariant map (BV )U → (BV )U sending
W 7→ V 1 ∩W , which by standard techniques about posets, is a homotopy equivalence.
The image of this map is clearly CGL(V )(U)-equivariantly contractible. Thus, (BV )U is
CGL(V )(U)-equivariantly contractible.
Now, we will address the general case. Let V = V1⊕ · · · ⊕ Vn be a decomposition into
indecomposable representations of U . For each Vi, we have a descending filtration
Vi = V
0
i ) V 1i ) · · · ) V kii ) 0
with ki ≥ 1. We will show that V 1 := V 11 ⊕ · · · ⊕ V 1n intersects every element of (BV )U
nontrivially, and it is preserved by CGL(V )(U). The first of these conditions is easy. For
any W ∈ (BV )U , its projection Wi onto Vi is either trivial, or intersects V 1i nontrivially.
Therefore, for at least one i, Wi intersects V 1i nontrivially, and therefore, W ∩ V 1 6= 0.
The second condition is a bit trickier to prove. The Vi’s fall into several isomorphism
classes (among all possible isomorphism classes of indecomposable U -modules). Let us
call the possible isomorphism classes 1, 2, . . . ,m. Let us suppose that there are j1 pieces
among V1, . . . , Vn of type 1, j2 of type 2, and so on. Then
CGL(V )(U) ' (Σj1 × · · · × Σjm)n
(
n∏
i=1
CGL(Vi)(U)
)
'
m∏
`=1
(
Σj` n CGL(M`)(U)
j`
)
where M` is a module of type `. Clearly V 1 is preserved by each CGL(V`)(U), and thus
is preserved by each CGL(M`)(U)
j` factor. V 1 is also preserved by each Σj` factor, as
these permutations just swap the Vi’s that are of the same type. Thus, V 1 is CGL(V )(U)-
invariant.
Therefore, just as in the indecomposable case, (BV )U is equivariantly contractible,
thanks to the existence of the element V 1. 
7.4. Induction and Restriction for the Bruhat-Tits Building. Let V be a finite-
dimensional Fp-vector space, and let SV denote the category of subspaces of V . Let
F : SV → Top∗ be a functor equipped with
• (GLX ×GLW )-equivariant isomorphisms F (X) ∧ F (W ) '→ F (X ⊕W ) whenever
X and W are transverse, and
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• An isomorphism S0 '→ F (0).
For example, F (W ) = BW+ is one such functor. In fact, by the first isomorphism, F is
essentially determined by knowing its value on a one-dimensional subspace of V .
Fix W ⊂ V , and let PW ⊂ GLV denote the parabolic subgroup associated with the
flag 0 ⊂ W ⊂ V . Then we wish to prove the following statement
Proposition 7.9. There is an equivalence of pointed PW -spaces
IndPWGL
W⊥×GLW ((B
♦
W⊥ ∧ F (W⊥)) ∗ (B♦W ∧ F (W ))→ B♦V ∧ F (V )
Here, W⊥ is any subspace of V transverse to W .
Lemma 7.10. Let V be an Fp-vector space of dimension n, and let W ⊂ V be a subspace
of dimension k for some 1 ≤ k ≤ n − 1. Say that a maximal flag [V1 ⊂ · · · ⊂ Vn−1] is
W -transverse if Vn−k ∩W = 0. Then the top cohomology group Hn−2(BV ;Z) is spanned
by the W -transverse flags.
Proof. Any maximal flag F = [V1 ⊂ · · · ⊂ Vn−1] gives rise to a sequence of n−1 numbers
d(F) = (dim(Vi ∩W ))1≤i≤n−1
which we will call the degree. Lexicographically ordered, the minimum and maximum
such a sequence can be are (0, . . . , 0, 1, 2, . . . , k − 1) and (0, 1, 2, . . . , k − 1, k, k, . . . , k)
(the first case occurring precisely when F is W -transverse).
The top cohomology Hn−2(BV ;Z) is generated by the Z-valued functions on the set
of maximal flags (modulo relations coming from the submaximal flags). If F is a flag,
we can denote by F the function which equals 1 on F and 0 on all other flags. We will
then show that any maximal flag F which is not W -transverse is cohomologous to a sum
of flags of (lexicographically) smaller degree. It will then follow by induction that any
maximal flag is cohomologous to a sum of W -transverse ones.
Let F = [V1 ⊂ · · · ⊂ Vn−1] be a maximal flag which is not W -transverse. Then there
exist Vi−1 ⊂ Vi ⊂ Vi+1, with i ∈ {1, . . . , n − 2} such that dim(Vi−1 ∩W ) = ` − 1 and
dim(Vi ∩W ) = dim(Vi+1 ∩W ) = `. It is clear that for all V ′i between Vi−1 and Vi+1,
dim(V ′i ∩W ) = ` − 1, except when V ′i = Vi in which case we get `. Therefore, for each
such V ′i 6= Vi,
d([V1 ⊂ · · · ⊂ V ′i ⊂ · · · ⊂ Vn−1]) < d([V1 ⊂ · · · ⊂ Vi ⊂ · · · ⊂ Vn−1])
The claim now follows from the simple observation that
δ([V1 ⊂ · · · ⊂ Vi−1 ⊂ Vi+1 ⊂ · · · ⊂ Vn−1]) =
∑
Vi−1⊂V ′i⊂Vi+1
(−1)i−1[V1 ⊂ · · · ⊂ V ′i ⊂ · · · ⊂ Vn−1]

Proof. (of 7.9) Let CW denote the set of subspaces of V which are transverse toW . Then
UW acts freely and transitively on CW . PW thus acts on
∨
X∈CW
(B♦X∧F (X))∗(B♦W ∧F (W ))
as follows.
(1) PW acts on B♦W ∧ F (W ), because the matrices in PW fix W .
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(2) Because PW fixes W , it permutes the elements of CW . If we fit any one X ∈ CW ,
the matrices in PW which fix X are GLX ×GLW .
Therefore, as a PW -space,
IndPWGL
W⊥×GLW ((B
♦
W⊥ ∧ F (W⊥)) ∗ (B♦W ∧ F (W )) '
∨
X∈CW
(B♦X ∧ F (X)) ∗ (B♦W ∧ F (W ))
We will now show that there is an equivalence from the right hand side of this expression
to B♦V ∧ F (V ). There is a PW -equivalence∨
X∈CW
(B♦X ∧ F (X)) ∗ (B♦W ∧ F (W ) '
( ∨
X∈CW
(B♦X ∗B♦W )
)
∧ F (V )
where PW acts simultaneously on the wedge sum and on F (V ). This is because F (X)∧
F (W ) ' F (V ) is a (GLX × GLW )-equivalence. The result now follows from the case
where F is the constant functor S0, proven in [5]. We prove it here for completeness.
We want a PW -equivariant equivalence∨
X∈CW
B♦X ∗B♦W → B♦V
The maps B♦X ∗B♦W → B♦V arise on the level of simplices (with an appropriate dimension
shift)
[X1 ( · · · ( Xi] ∗ [W1 ( · · · ( Wj] 7→ [X1 ( · · ·Xi ( X ( X +W1 ( · · · ( X +Wj]
These maps are clearly PW -equivariant. On maximal flags, this map is an inclusion into
the set of W -transverse maximal flags in V . Therefore, since the top homology of BV
is spanned by the W -transverse maximal flags (by 7.10), this map is an isomorphism
on the top cohomology groups. Because both sides have only one reduced cohomology
group, it follows that this map is an equivalence.

7.5. Notation. Here we have an index of notation used throughout the paper, with
references to sections or other papers.
• G: a finite p-group, sometimes explicitly assumed to be abelian.
• ∆k: sometimes used to denote (Z/p)k.
• GLk: the general linear group of invertible k × k matrices over Fp. If V is a
finite dimensional Fp-vector space, we write GL(V ) to refer to its group of linear
automorphisms.
• Affk: the group of affine transformations on Fkp, and we similarly use Aff(V ) when
V is a finite-dimensional Fp-vector space. So Aff(V ) ' V oGL(V ).
• S,SG: the sphere spectrum, or G-sphere spectrum. Sometimes just written as
Σ∞S0.
• SpnX: the n-th symmetric power of a space or spectrum X. When no X is
present, one assumes X is the sphere spectrum. (2.1)
• SpnG: the n-th symmetric power of the G-sphere spectrum. (2.4)
• d : SpnX → SppnX: the p-replication map which sends (x1 + . . .+ xn) 7→ (px1 +
. . .+ pxn).
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• Spnp , Spnp,G: the ‘mod p’ symmetric powers of the sphere spectrum defined by
Mitchell-Priddy (and the equivariant version). They are obtained by quotienting
out the ideal generated by the image of the p-replication map. (2.1)
• D(k), DG(k): Sppkp , Spp
k
p,G. (2.4, following the notation of [15])
• M(k),MG(k): Σ−kD(k)/D(k − 1),Σ−kDG(k)/DG(k − 1). (2.7)
• EGΓ: the (G×Γ) space classifying subgroups of G×Γ which intersect Γ trivially.
Here, G and Γ are any finite groups. (3.1)
• BGΓ: EGΓ/Γ.
• k: the Steinberg idempotent in Z(p)[GLk(Fp)]. (2.2)
• Z,Fp: the constant Mackey functors arising from the trivial G-modules Z and Fp.
• XT : the portion of (Sp∞X)G consisting of tuples of points upon which G acts as
on the G-set T . (4.1)
• PrTG(X): the T -primitives of a space or spectrum X (4.1). When no X is present,
it refers to PrTG(SG). This space satisfies the property that when we remove the
basepoint point from it, we get XT . Sometimes the G is dropped when it is clear
from context or not needed.
• Pn: the poset of nontrivial (neither discrete nor indiscrete) partitions of the set
{1, . . . , n}.
• BV : the poset of nontrivial (neither 0 nor V ) linear subspaces of the Fp-vector
space V . When V ' Fkp, we may write Bk.
• X♦: X♦ = [0, 1] ×X/({0} ×X) unionsq ({1} ×X) is the unreduced suspension of an
unpointed space X, regarded as a pointed space with basepoint 0. (following the
notation of [2] and [3])
• Xξ: the Thom construction of a vector bundle ξ over X. (5)
• P(G): the poset of nontrivial subgroups of G. (7.1)
• Gel: the maximal elementary abelian quotient of an abelian p-group G. (7.2)
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